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AN  EXPOSITION  OF  OPTIMAL  GROWTH,  BASED  ON  A 
DYNAMIC  FISHERINE  DIAGRAM* 

by 

Nissan  Liviatan 

1,  Introduction 

The  theory  of  optimal  growth  can  be  analyzed,  as  is  well  known, 
by  using  optimal-control  methods  or  by  applying  the  technique  of  dynamic 
programming.   It  seems,  however,  that  the  graphical  expositions  for  simple 
growth  models  have  been  developed  only  for  the  former  approach.  Thus  it 
is  customary  to  present  the  optimal  growth  path  in  terms  of  a  trajectory 
in  the  phase-space.   However,  as  far  as  I  know,  there  has  been  no  attempt 
to  formulate  a  graphical  analysis  which  will  bring  out  the  essence  of  the 
dynamic  programming  approach"  to  optimal  growth. 

The  purpose  of  the  present  paper  is  to  fill  this  methodological 
gap.  Moreover,  it  will  be  seen  that  the  graphical  presentation  of  the 
dynamic  programming  approach  is  closely  related  to  the  traditional  Fisherine 
diagram  of  intertemporal  analysis  and  to  the  standard  Hicksian  tools  of 


*This  study  was  done  during  the  tenure  of  a  Ford  Foundation  Fellowship. 

See,  for  example,  the  presentation  in  D.  Cass,  "Optimum  Growth  in  an 
Aggregative  Model  of  Capital  Accumulation,"  Review  of  Economic  Studies, 
Vol.  32  (1965),  pp.  236-8,  which  is  based  on  control  theory,  or  the 
graphical  exposition  in  T.  C.  Koopmans,  "On  the  Concept  of  Optimal 
Economic  Growth,"  Rome,  Pontificia  Academia  Scientiarus  (1965),  pp.  276-9, 
based  on  an  equivalent  calculus -of- variations  formulation. 

For  an  analytic  exposition  of  optimal  growth  based  on  dynamic  programming 
see,  for  example,  R.  Radner,  Notes  on  the  Theory  of  Economic  Planning, 
Center  of  Economic  Research,  Athens,  1963. 

-1- 


demand  analysis.   Indeed  we  intend  to  show  that  the  exposition  of  the 
optimal  time  path  in  a  simple  growth  model  does  not  require  much  more 
than  a  dynamic  version  of  the  well  known  two-period  Fisherine  diagram, 
with  current  consumption  on  one  axis  and  next  year's  capital  on  the 
other. 

2.  A  Restatement  of  Some  Elementary  Results 

In  our  analysis,  which  is  based  on  a  discrete  time  model,  we 
shall  deal  with  a  one  sector  model  with  no  technological  progress. 
The  production  function  of  the  economy  is  assumed  to  be  of  the  follow- 
ing form: 

CD      st+1  +  ct+1  =  F(St,Lt) 

where  St  denotes  the  stock  of  capital  which  enters  as  an  input  in  the 
production  function  in  period  t,  Lt  is  labor  input  in  period  t,  and 
C  .  is  consumption  in  period  t+1,   (We  may  assume  that  (1)  incorporates 
an  exponential  depreciation  factor.)  An  alternative  way  of  writing  (1), 
which  is  more  useful  for  our  purposes,  is  as  follows.  Define  K  as  the 
capital  stock  available  (for  production  or  consumption)  in  the  beginning 
of  period  t.  We  then  have 


(2)       Kt  =  St  .+  Ct 


Substituting  (2)   into   (1)  we  obtain 
(3)  Kt+1  =   F(Kt  -   C       Lt) 


2>F(  ) 
It  should  be  noted  that  F,  =   .  is  the  marginal  product  of 

&CKt-ct) 

capital   in  period  t   in  producing  the  capital  stock  of  period  t  +   1. 
Mence  F  '  -  1  is  the  net  own  rate  of  return  on  capital,  which  we  shall 
assume  to  be  non-negative. 

We  shall  assume  as  usual  that  F(  )  is  subject  to  constant  re- 
turns to  scale  with  respect  to  the  inputs  (K  -  C.)  and  L  and  that  L 
grows   according  to 

(4)  Lt+1  =  nL  n     >  1,    for  all  t 

where  n  is  given  exogenous ly.   Using  the  property  of  constant  returns 
to  scale,  we  may  divide  all  variables  in  (3)  by  Lt,  which  yields 

Kt+1     Kt   Ct 

(5)  _HL  =  F(_L-  _1  ,  1) 

Lt  .   Lt   Lt 

Dividing  both  sides  of  (5)  by  n  and  using  (4),  we  have 

Kt+1   1   Kt   Ct 

(6)  _=  iF(2.  _I  ,  1) 

Lt+1       Lt   Lt 

Using  lower  case  letters  to  denote  per  capita  variables,  we  may  write 

(6)  as 

(7)  kt+1  =  lF(kt  -  ct,  1) 


As   is  usual   in   growth  theory,  we  make  the  following  assumptions 
about   F(kt  -   ct,   1): 

(8)  F(Q,    1)   =  0 

(9)  F     >  1,    F       <  0        for  all   k     -  c     >  0 

(10)  FjCO.l)    =  oo,    FjCoo.l)   =   1 

^2F 
where  F..-   denotes      £.,„         q  -.2   .     Since  n  is  a  constant  throughout  our 

analysis,   it  is  convenient   to  define  a  new  function 

1 
CUD  f(kt  -  ct)   =  n  F(kt  -  ct,   1) 

where  f(  )  incorporates  implicitly  the  growth  factor  n. 

Applying  assumption  (8)  -  (10)  to  f(  )  we  may  write 

(8')      f(0)  =  0;     (9')     f '>  I,  f'<0;   (10»)  f •  (0)  =  00,  f'(oo)  =1 

n  n 

where  f  and  f"  denote  the  first  and  second  order  derivatives  of  f. 

F 
Note  that  in  (8')  -  (10')  we  made  use  of  relation  f  =  1  . 


k«l 


ft*    { 


t(h  -cJ) 


*( 


a 


V 


»'. 


!/ 1 


<£\ 


I 


J i 


*l      £-1      ft*-t* 


*' 


V6* 


The  function  f(k  -  c  )  is  illustrated  in  Fig.  1.   It  should  be 

noted  that  by  assumption  (10')  the  curve  corresponding  to  f  must  be  above 

the  45°  line  for  some  range  of  (kt  -  ct)  and  that  it  must  intersect  the 

latter  at  some  kt  -  ct  >  0,  since  f*(oo)  =  !.<:  1.  It  follows  from  the 

n 

forego in p  facts  that  for  any  value  of  L,  (1<  L  <  k,  there  corresponds 
a  positive  value  of  ct  which  will  leave  capital  intact. 

To  see  this,  consider  k?  -  c  in  Fig.  1.   If  ct  =  0  then 
k°  -  ct  =  k°   and  we  have  kt+1  =  k°+j  >  k!j?  so  that  capital  increases. 
However,  if  ct  equals  the  segment  AQB0,  then  kt+1  =  k°  and  capital  re- 
mains stationary.  Denote  the  relationship  between  kt  and  the  value  of  c 
which  leaves  it  intact  by  c  =  s(k).  In  view  of  Fig.  1,  it  is  clear  that 
c,  considered  as  a  function  of  k,  possesses  a  unique  positive  maximum-/ 
at  some  k*,  0  <  k*<  k  .  It  is  seen  immediately  from  Fie.  1  that  this 
maximum  corresponds  to  the  point  A*  where  the  tangent  to  f(  )  is  parallel 
to  the  45°  line.  This  implies  that  at  A*  we  have 

Fj(k  -  c,  1) 

(12)      f'(k  -  c)  = =  1 

n 

or  F  =  n.   In  other  words,  when  stationary  consumption  per  capita  is 


This  can  also  be  verified  as  follows:  In  stationary  solutions  we  have 
k  =  f(k  -  c) .  Differentiation  with  respect  to  k  and  c  thus  yields 
dc/dk  =  s'(k)  =  (£•  -  l)/f.   [Note  that  by  (10'1  we  have  s'CO)  =  1.] 
Differentiating  once  more  we  obtain  s"  (k)  =  f"/f?  <   0  which  shows  that 
s(k)  is  concave.   By  assumption  (10*)  f  -  1  changes  sign.   It  follows 
therefore  that  s(k)  has  a  unique  absolute  maximum.  At  the  maximum  point 
we  have  s'(k)  =  0,  i.e.,  f  =  1  as  in  (12). 


maximized  (i.e.,  at  k  =  k*  and  c  =  c*) ,  the  net  own  rate  of  return  on 
capital  (F  -  1)  must  equal  the  net  rate  of  population  growth  (n  -  1). 
This  is  the  so-called  "golden  rule"  of  capital  accumulation,  with  c* 
and  k*  being  the  "golden  rule"—  values  of  c  and  k. 

Another  implication  of  Fig.  1  is  derived  from  the  fact  that  the 
average  product  of  capital  is  less  than  unity  for  k  >  k,  which  means 
that  kt+i <  kt  if  kt  >  k.  This  implies  that  for  any  feasible  program 

A 

(with  0  <  ct  <  kt)  k  and  c  are  bounded  from  above  by  max  [k  ,  k]  for 
all  t. 

Let  us  turn  now  to  the  utility  function  which  is  supposed  to 
represent  the  preferences  of  the  economy  as  a  whole.  We  assume  the 
standard  type  of  utility  function  used  in  growth  theory,  namely 

CO 

(13)  U  =     2     atu(ct) 

t=0 
where    •a*    is  a  constant   subjective  discount   factor  satisfying  0<a<l, 

and  u  is  a  function  of  per  capita  consumption.      It   is  assumed  that  u(     ) 

has  the  following  properties: 

(14)  u«   >  0,  u"  <  0  for  c   >0 

and  in  addition,  to  exclude  corner  solutions  for  c  (where  c  =  0) ,  we 
shall  assume 


1As  in  E.  S.  Phelps,  "The  Golden  Rule  of  Accumulation:  A  Fable  for 
Growthmen,"  American  Economic  Review,  September  1961,  pp.  638-642. 


(15)  lim    u'(c  )  =  o? 
ct~>0 

The  problem  of  determining  the  optimal  program  can  then  be 
stated  as  follows: 

£  t 

(16)  Maximize  U  =  ^>  aLu(ct)  with  respect  to  cQ,  Cj,  .  .  . 

t=0 

subject  to  kt+1  =  f(kt  -  ct) ,  0<  c%±   kt,   t  =  0,  1,  ... 

given  initial  capital  k  . 
The  first  order  conditions,  or  the  "Fisher  conditions,"  for  the 
optimal  path  require  the  equalization  of  the  marginal  rates  of  substi- 
tution in  production  to  those  in  consumption  for  every  t,  which  yields 

u'(c  ) 

(17)     ! =  f»(kt  -  ct)      t  =  0,  1,  ... 

au' (ct+1) 

This   can  be  verified  as   follows.      Consider  an  optimal  program 

and  denote  the  optimal   values  of  k     by  R   .      If,   for  some  t,  we  take  k\ 

and  k\    _  as   given,   then  in  the  optimal  program  atu(c  )   +  at+  u(ct+,) 

must  be  maximized  with  respect  to  ct  and  ct+i    subject  to  kt+^  =  f(^^  -   ct) 

and  Kt+2  =  f(kt+1  -  ct+1),  or  ^  =  f[f(kt  -  ct)   -  ct+1].     The  latter  is 

a  transformation  curve  between  c         and  c.   with  a  slope  of  f  •  (k^.  -  ct). 

t+l  t  t         i. 


At  an  optimum  of  the  miniature  system  we  must  therefore  have  an  equality  of 
f * (kt  -  ct)  with  the  marginal  rate  of  substitution  between  ct+j  and  ct, 

u' (c^) 
i.e.,  with  z~—  .  Since  this  must  be  true  for  all  t,  we  have  estab- 

au'  (c  , ) 
v  t+1 

lished  (17). 

Ordinarily  these  are  only  the  necessary  conditions  for  an  interior 
maximum.  However,  under  our  assumptions  about  the  discount  factor  and 
about  the  concavity  of  the  production  and  utility  functions,  it  follows 
that  the  Fisher  conditions  are  sufficient  as  well,  provided  the  program 
satisfies  the  condition  atu,(ct)^>0  as  t-5>00(as,  for  example,  in  the 
case  where  c  tends  to  a  positive  stationary  limit).  Moreover,  the  pro- 
gram satisfying  the  foregoing  conditions  is  unique.  The  proof  of  these 
statements  is  of  no  direct  concern  to  our  discussion  and  we  shall  there- 
fore take  them  as  given,  or  treat  them  as  assumptions.  . 

An  important  feature  of  the  solution  of  (16)  is  that  it  will  re- 
main optimal  (as  far  as  present  and  future  consumption  is  concerned)  when 
the  economy  re-examines  it  as  it  moves  actually  into  the  future.  This 
"dynamic  consistency"  property  of  the  optimal  program"  follows  directly 
from  the  form  of  the  utility  function  in  (13).  A  related  aspect  of  (16  ) 


These  statements  can  be  verified  by  adopting  the  method  of  proof  used  by 
Cass,  op.  cit.,  p.  235,  to  our  model.  Note  that  his  equation  (11)  is  our 
condition  on  a*u(ct) . 

2 
On  the  possibility  of  dynamic  inconsistency,  see  the  analysis  in  R.  H. 

Strotz,  "Myopia  and  Inconsistency  in  Dynamic  Utility  Maximization,"  Review 

of  Economic  Studies,  Vol.  23,  pp.  165-180. 
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is  that  the  solution  is  independent  of  the  calendar  time.  The  index  t 
should  be  interpreted  as  indicating  the  "number  of  periods  ahead"  at  any 
given  calendar  date.  Thus  the  process  is  a  stationary  one. 

We  have  formulated  the  maximization  problem  subject  to  a  given 
arbitrary  level  of  initial  capital.   As  a  preliminary  inquiry  we  may, 
however,  disregard  initial  capital  and  examine  whether  our  system  is 
at  all  capable  of  a  stationary  optimal  solution  where  c.  =  c  and 
k\  =  k  for  all  t.  Substituting  the  constant  values  of  c  and  k  into 

(17)  we  obtain 

(18)  1/a  =  f'(k  -  c) 

We  know  that  there  must  exist  a  positive  solution  to  (18)  if  f * (0)  >  1/a  > 
f'C00).   Since  1/a  >  1  this  is  guaranteed  by  our  foregoing  assumption 
(10').  It  also  follows  from  the  fact  that  f  is  monotonically  decreasing 
that  (k-c)  is  uniouely  determined  by  (18).   In  a  stationary  solution  we 
must  also  have 

(19)  k  =  f(k  -  c) 

We  may  therefore  determine  from  (18)  and  (19)  a  unique  solution  for  c  and 
k  individually.   The  foregoing  values,  to  be  denoted  by  c  and  k",  consti- 
tute an  optimal  stationary  solution.   Using  the  fact  that  1/a  =  f'(k-c)  > 1 , 
we  may  infer  that  k*  and  c  are  smaller  than  the  corresponding  golden  rule 
values,  i.e.,  K<ck*  and  c<c*.  This  is  illustrated  in  Fig.  1  where  the 
optimal  stationary  solution  is  represented  by  the  point  A~  which  corresponds 
to  f '  >  1«  The  optimal  stationary  consumption  level  is  then  ATT<A*B*. 
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3,   The  Reduced  Maximization  System 

We  shall  assume  that  for  any  k  there  exists  a  unique  solution 
of  (16).  As  an  indication  that  our  assumption  about  the  existence  of 
a  maximum  is  a  reasonable  one,  we  note  that  the  utility  sum  of  any  feas- 
ible consumption  sequence  is  founded  from  above  by  u(M)  ,  where 

1-a 

A  — 

M  =  max  [k,  k  ].   Consider  the  maximized  value  of  U,  say  U,as  a  function 

of  kQ  and  denote  this  function  by  IT  =  v(k  ) .  We  then  assume  that  v(k  ) 

is  continuous  and  twice  differentiable  for  all  k  g»  0. 

o 

Consider  a  two-stage  maximization  of  (16).   In  the  first  stage  we 
maximize  the  utility  function  treating  c  and  k,  as  piven  parameters,  ignor- 
ing completely  k  and  the  relation  k..  =  f  (k  -  c  )  .  We  may  then  write  (16) 
as 

(20)  U(CQ)  +  a  Bax  *£»  a*  u(ctti)    *0T   a  Tiven  value  of  kj 

Note,  however,  that  the  problem  of  maximizing  *">  a  u(ct+i) 

t-o   ^ 

for  a  given  value  of  k1    is   formally  identical  with  maximizing  ^T  a  u(c  ) 

t=0  t 

for  a  given  value  of  k   .     We  may  then  use  the  foregoing  v(   )    function 

to  write 

00 

(21)  max     ^>    atu(ct+1)    =  v(kj) 

ct+1t=0 

Substituting  in    (20),  we  have 

(22)  max  U  =  u(cQ)    +  av(kj) 

ct  +  l 
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This  completes  the   first  stage  of  maximization,   from  which  we  have  ob- 
tained the  reduced  utility  function   (22) . 

In  the  second  stage  we  treat  c     and  k     as  endogenous  variables 
and  maximize  the  reduced  utility  function   (22)    subject  to  the  present 
period's  production  constraint  k..    =   f(k     -  c  ).     This  determines  the 
current  period's  optimal  values  of  c     and  k-..     The  second-stage  problem 
can  then  be  written  as 


(23)  max        [u(c0)    +  av(kj)l 

c   ,k, 
o'    1 

subject  to  k  =  f(kQ  -  cQ) ,  and  given  k  . 

The  recursive  nature  of  this  system  is  clear.  Thus  the  value  of  k, 
determined  by  (23)  becomes  the  next  period's  k  which  is  used  to  de- 
termine by  means  of  the  same  functions  the  value  of  the  new  k,  and  c 
and  so  on.  Note  also  that  by  the  definition  of  v(  ),  (23)  satisfies 


(24)  v(kQ)    =  max     [u(cq)    +  av[f(kQ  -   cQ) ]} 

o 

1/ 
which   is  the  fundamental   functional   equation  of  dynamic  programming. 


See  discussion  concerning  this  type  of  equation  in  R.    Bellman,   Dynamic 
Programming,   Princeton,    1957,  pp.    11-16. 
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As  a  necessary  condition  for  a  maximum  of  the  right-hand  side 
of  (24) ,  we  have 

(25)  u'(c0)  =  av'[f(k0  -  c0)l  f(kQ  -  cQ) 

Denote  the  maximizing  value  of  c     by  cQ,  where  the  latter  can  be  con- 
sidered as  a  function  of  k   .     Substituting  in  (24),  we  have 

(26)  v(k0)    =  u(S0)   +   av[f(kQ  -   c0)] 

Differentiating  (26)  with  respect  to  k  and  using  (25) ,  we  obtain 

(27)  v'(k0)  =  u'(c0)dc0/dk0  +  av'  [f(k0  -  c0)]  f • (kQ  -  cQ) 

(1  -  dc0/dk0)  =  u'(c0) 

i.e.,  the  marginal  utility  of  current  capital  equals  the  marginal 
utility  of  current  consumption  (and  consequently  v*  >  0) .  This  is  only 
natural,  since  one  of  the  alternatives  of  using  an  increase  in  k  is 
consuming  it  in  the  current  period. 

It  follows  from  (27)  and  (14)  that  v(  )  is  concave  if 
dcQ/dk0>  0.  Consider  the  hypothesis  that  dc0/dkQ  £  0  for  all  k0#  Then, 
if  kQ  increases,  c  will  not  increase  and  hence  k,  will  increase,  im- 
plying that  next  period's  "initial"  capital  increases.  When  we  are 
actually  in  the  next  period,  we  face  again  the  same  kind  of  situation 
(i.e.,  an  increase  in  initial  capital)  as  in  the  original  period.   Re- 
peating the  previous  argument,  we  shall  find  that  no  ct  will  increase, 
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compared  with  the  original  path,  in  spite  of  the  fact  that  an  increase 

1/ 
in  some  ct's  is  feasible.    Clearly  this  cannot  happen  with  optimal 

programs.  In  particular  it  contradicts  our  earlier  conclusion  that 

v*  >  0.  By  using  a  somewhat  more  sophisticated  argument,  one  could 

also  reject  the  hypothesis  that  dc0/dkQ  <c.  0  holds  for  any  k0.  Hence 

dc0/dkQ  >  0  and  v"  <  0  for  all  k  . 

Using  the  foregoing  results  and  the  functional  equation,  we 

may  infer  that  dc0/dk  <  1.  Thus  cliff erentiating  (25)  with  respect 

to  c0  and  k0  and  rearranging  terms,  we  obtain 


(28) 


hf: 


O  U' 

1  +   _____ 


a(v'f"  +  f'2v") 


which  is  between  zero  and  one.  It  also  follows  from  these  results 
that  dkx/dk0  =£»•(!-  dc0/dk0)  >  0. 


Note  that  we  have  used  here  the  property  of  dynamic  consistency 
which  enables  us  to  relate  the  planned  path  to  the  actual  one. 
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4.  The  Diagrammatic  Analysis  of  Optimal  Growth 

The  short  run  equilibrium  at  some  given  date  is  illustrated  in 
Fig.  2 ,  by  means  of  a  Fisherine  diagram,  where  on  the  horizontal  axis 
we  have  c  and  on  the  vertical  axis  k,.  The  production  possibility 
frontier  for  initial  capital  k  is  given  by  AB  which  represents  the 
function  k.  =  f(kQ  -  cQ)  in  the  (c  ,  k,)  plane.  The  slope  of  this 
curve  at  any  point  is  given  by  df/hc     =  -  f *  <  0.  Similarly, 
<5^f/&    c  =  f"  <  0.  The  transformation  curve  relating  k,  and  c 
is  then  of  the  usual  concave  shape.  The  indifference  curves  II' 
in  Fig.  2  correspond  to  the  family 


u(c  )  +  av(k,)  =  constant 

From  our  earlier  results  we  know  that  v'  >  0  and  v" <  0,  just  as 
is  the  case  with  the  derivatives  of  u(c  ) .  It  follows  therefore 
that  the  indifference  curves  of  our  reduced  utility  function  have 
the  usual  convex  shape.   If  the  initial  capital  is  k°  in  Fig.  2. 
then  the  short-run  equilibrium  is  determined  at  E  so  that  the 
equilibrium  values  are  given  by  (c°,  k°) . 


r 
fa 


t 


r 

•fi^ 

\ 

A 

4                                          \ 

\X     \ 

1    , 

N^                  Ef 

V^""" 

1 

I 
1 

\            l 

^1 

i 

\6. 

\b, 

o 


c. 


fe' 


17 


Suppose  now  that  initial  capital  increases  to  k  .  Then 
the  production  frontier  moves  uniformly!/  to  the  right,  and 
is  represented  by  (say)  A,B,  in  Fig.  2.  What  can  be  said  about 
the  new  short- run  equilibrium  point  E,?  We  know  from  our  fore- 
going analysis  that  both  dc  /dk  and  dk\/dk  are  positive,  i.e., 
the  "Income  Consumption  Curve"  FE'  in  Fig.  2  must  be  upward 
sloping.  Hence  E,  must  be  above  E0  and  to  the  right  of  it. 


—   Moreover,  it  can  be  seen  that  the  production  frontier 
moves  to  the  right  parallel  (horizontally)  to  itself.  Thus, 
for  example,  the  slope  of  the  production  frontier  at  r  is  the 
same  as  at  E  .  To  see  this,  note  that  both  E  and  R  correspond 
to  the  same  value  of  k.. ,  i.e.,  to  k°   Since   k  is  a  monotonic 

function  of  kQ  -  cQ,  this  means  that  both  E  and  R  correspond  to 
the  same  value  of   kQ  -  cQ,  which  implies  that  f ' (kQ  -  cQ)  is 
also  the  same. 


18 


So  far  we  dealt  with  short-run  comparative  statics.  We  have 
to  determine  now  how  the  system  actually  moves  from  one  time  period 
to  the  next.  Suppose  that  the  economy  is  initially  at  E  in  Fig.  3. 
Then  in  the  next  period  the  production  frontier  moves  to  (say)  A,B,. 
Consider  now  the  intersection  point  0  ■  of  the  horizontal  line  corre- 
sponding to  k,  with  A,B,.  The  value  of  consumption  corresponding 
to  this  point,  say  c',  or  ON  in  Fig.  3,  is  determined  by 
kj  =  f(k*  -  c*)  where  k1  =  k.  is?  next  period's  initial  capital. 
We  may  then  write 

((29)  kj  =  f(kx  -  c») 

from  which  it  follows  that  c'  is  the  stationary  value  of  consumption 
which  corresponds  to  kj.  Using  our  earlier  notation,  we  have 
c  =  s(R^). 

Let  us  now  introduce  in  Fig.  3  the  (stationary  state)  function 
c  =  s(k,).  This  is  represented  by  the  SS *  curve  whose  properties  are 
derived  from  Fig.  1.  We  can  then  see  that  if  we  start  at  E0  we  may 
find  a  point  (Q  )  on  the  next  period's  production  frontier  by  the 


intersection  of  the  horizontal  line  passing  through  EQ  and  the  SS' 
curve.   If  in  the  next  period  the  economy  chooses  Ej  as  its  equilib- 
rium point,  then  in  the  following  period  the  production  frontier  must 
pass  through  0,.   A  similar  analysis  applies  to  the  possibility  where 
the  equilibrium  point  is  to  the  right  of  SS',  as  in  the  case  when  the 
economy  is  initially  at  RQ.  The  production  frontier  of  the  next  period 
will  then  pass  through  0  . 


I  -1 
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Some  additional   features  of  Fig.    3  should  be  noted.     We  know 
from  our  earlier  discussion  that  the  point  G  corresponds  to  the 
golden  rule  levels  of  c  and  k.     At  this  point  the  slope  of  the  pro- 
duction frontier  AB  is  unitary,   i.e.,   f ' (k*  -  c*)   =  1.     Similarly, 
for  any  point   (c,  k)   on  SS*  below  G  the  slope  of  the  production 
frontier  is  f * (k  -  c)  >  1,   and  above  G  we  have  f ' (k  -  c)  <  1.      In 
fact,   the  slop«r>    (in  numerical  value)   of  the  production   frontiers  de- 
creases  steadily  as  we  move  upward  along  the  SS*   curve.     This   is  so 
since  as  we  move  up  the  SS1   curve  we  increase  steadily  the  value  of 

k,    and  hence  of  k     -   c      (via  k,    =  f(k     -  c  )1    so  that  f'fk  -   c)   de- 
1  oo  loo 

creases.     Another  point  which  should  be  noted  is  that  at  any  point 
on  SS*   above  G   (such  as  H)    the  slope  of  SS'    itself  is   always   steeper, 
i.e.,   greater  in     numerical  value,   than  the  slope  of  the  AB  curve 
which  passes  through  that  point.      This  can  be  seen  by  differentiating 
the  equation  k  =   f(k  -   c)   which  determines  the  SS*    curve.     This  yields 

(30)  dk         -   f   _    __1 

dc         l-f'1--  s'(k)      ^ 

Since  above  G       0  <  f *  <  1,—     it   follows  that       —     >-f        as  stated. 

I dc  J   *   I 

Finally,  let  the  equation  of  OG,  alone  SS*,  be  denoted  by  k  =  y(c) ,  so 
that  y(c)  is  the  inverse  of  s  (k)  for  k<  k*.  Then  as  c  tends  to  zero 


—In  fact,  by  (9*)  we  always  have  f ' >  —  >  0. 
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y(c)  tends  to  zero  and  consequently  f * (k  -  c)  tends  to  infinity  by 
(101).   It  follows  therefore  from  (30)  that  y*(o)  =  1. 

The  optimal  path  can  now  be  easily  determined  if  we  introduce 
the  income-consumption  curve  EE'  into  the  picture,  as  we  do  in  Fig.  4, 
Denote  the  equation  corresponding  to  EE'  by  k  =  e(c).  Then  from  our 
foregoing  analysis  we  know  that  e*  >  0.   Suppose  that  at  the  origin 
we  have  e'(o)  >  y'(°)  >  (=1).  Then  because  of  e1  >  0  we  must  have 
an  intersection  of  EE'  and  SS'  for  some  positive  k  and  c.  Let  M  be 
an  intersection  point  of  the  two  curves.  Since  this  point  is  both  a 
stationary  solution  and  a  short-run  equilibrium,  it  must  represent  a 
stationary  optimum.  We  have  seen  earlier  that  in  a  stationary  optimum 
f'(K  -  c)  =  1/a  where  k"  and  c  are  determined  by  (18)  and  (19).   It 
follows  therefore  that  the  intersection  of  EE'  and  SS»  is  unique  and 
that  the  intersection  point  must  be  below  C,_/as  drawn  in  Fig.  4. 
Suppose  alternatively  that  at  the  origin  e'(o)  <  1.  Then,  since  a 

(unique)  positive  stationary  optimum  is  known  to1  exist,  the  EE'  curve 

?/ 
must  intersect—  SS'  from  below  at  some  positive  k.  However,  this  im- 
plies an  additional  intersection,  which  contradicts  the  uniqueness  of 
the  stationary  optimum  solution. 


11   Since  1/a  =  f (k  -  c)  >  1. 

2/  The  possibility  of  tangency  can  be  ruled  out  by  simple  considerations 
of  continuity.  Thus  suppose  that  EE'  is  below  SS'  except  at  M,  where 
the  two  curves  are  tangent.  Then  for  initial  k  <  k  the  sequence  G^  will 
converge  to  c,  while  for  k  <  k,ct  will  converge  to  zero.  This  implies 
that  v(k  )  is  discontinuous  at  k,  contrary  to  our  assumptions. 
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Suppose  now  that  the  economy  starts  with  some  k  «  Then  the 
short  run  equilibrium  is  determined  in  Fig.  4  by  the  intersection  of 
A  B  and  EE*  at  the  point  E  .  The  next  period's  production  frontier 
is  then  A^B^  which  passes  through  S  and  the  new  short-run  equilibri 


urn 


is  at  E. .  It  can  then  be  seen  that  the  system  converges  monotonically 
and  asymptotically  to  the  (stationary  optimum)  point  M  from  below. 
Similarly,  had  we  started  with  k  >  k,  the  system  would  converge  to  M 
from  above. 

Consider  the  golden  rule  point  G.  Since  this  point  is  neces- 
sarily above  EE*,  it  follows  that  at  G  the  marginal  rate  of  substitu- 
tion of  k.  for  c  on  the  consumption  side  is  greater  than  on  the  pro- 
duction side,  i.e.,  c  is  more  valuable  (at  the  margin)  in  consumption 
than  in  production.  Thus  if  the  econoiry  is  given  an  initial  capital 
equal  to  k*  it  will  not  stay  at  G  but  will  rather  increase  consumption 
immediately  to  the  point  R,  and  then,  in  subsequent  periods,  will  re- 
duce consumption  and  capital  gradually  to  the  point  M, 
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